Abstract. The main result of this note essentially is that if the base and fibers of a compact fibration carry Hermitian metrics of positive holomorphic sectional curvature, then so does the total space of the fibration. The proof is based on the use of a warped product metric as in the work by Cheung in case of negative holomorphic sectional curvature, but differs in certain key aspects, e.g., in that it does not use the subadditivity property for holomorphic sectional curvature due to Grauert-Reckziegel and Wu.
Introduction
There has recently been strong renewed interest in the interplay of (semi-)positive or (semi-)negative holomorphic sectional curvature and the structure of Hermitian or Kähler manifolds in complex differential geometry. Under assumptions of the existence of a metric of (semi-)definite holomorphic sectional curvature, the works [HLW10] , [HLW16] , [WY16a] , [TY16] , [WY16b] , [DT16] , [HLWZ17] (for (semi-)negative holomorphic sectional curvature) and [Tsu57] , [HW12] , [HW15] , [Yan16] (for (semi-)positive holomorphic sectional curvature) have established interesting consequences for the geometric structure of such manifolds, in particular concerning the canonical line bundle.
Conversely, it is an interesting problem to prove the existence of metrics of (semi-)definite holomorphic sectional curvature under the assumption of a certain geometric structure. In this direction, Grauert-Reckziegel [GR65] proved the existence of a neighborhood of a fiber of a holomorphic family of compact Riemann surfaces of genus at least 2 over a Riemann surface such that the neighborhood has negative holomorphic sectional curvature. Cowen [Cow73] extended this work to the case where the fibers are Hermitian compact complex manifolds of arbitrary dimension whose holomorphic sectional curvature is negative. Subsequently, Cheung [Che89, Theorem 1] established the following (optimal) result. Let X, Y be complex manifolds. Let π : X → Y be a surjective submersion, which we subsequently will refer to as a fibration. Assume that X (and thus Y ) is compact, making π into a compact fibration. Furthermore, assume that Y possesses a Hermitian metric of negative holomorphic sectional curvature and that there exists a smooth family of Hermitian metrics on the fibers such that each metric is of negative holomorphic sectional curvature. Then there exists a Hermitian metric on X which is of negative holomorphic sectional curvature everywhere.
On the side of positive curvature, Hitchin [Hit75] proved that Hirzebruch surfaces, which are P 1 -bundles over P 1 , carry a (Hodge) metric of positive holomorphic sectional curvature. The explicit values and pinching constants for Hitchin's metrics were computed in [ACH15] , which was further generalized in [YZ16] . The fact that Hirzebruch surfaces are isomorphic to the projectivization of vector bundles P(O P 1 (a) ⊕ O P 1 ), a ∈ {0, 1, 2, 3, . . .}, over P 1 , motivated the statement and proof of the main theorem in [AHZ16] , establishing the existence of a Kähler metric of positive holomorphic sectional curvature on an arbitrary projectivized holomorphic vector bundle over a compact Kähler base manifold of positive holomorphic sectional curvature. The main result of this note is the following full-fledged positive curvature analog for Cheung's theorem. The main strategy in Cheung's proof is to construct a warped product metric from the "vertical" metrics and a large real constant multiple of the pull-back of the metric from the base. The idea of using warped product metrics to obtain negative curvature metrics seems to go back to the work of Bishop-O'Neill in [BO69] , and it has become an important tool in differential geometry and theoretical physics, especially in general relativity in the study of solutions of Einstein's equation. Our goal was to transpose Cheung's proof to the positive case and in doing so, find replacements for the key estimates in Cheung's proof that rely on (a) the curvature decreasing property of Hermitian subbundles and (b) the subadditivity property of holomorphic sectional curvature due to [GR65, Aussage 1] and [Wu73, Theorem 1]). Both of these properties appear to "go in the wrong direction" in the positive case, which adds an additional layer of complication to the present problem and generally to many problems in complex differential geometry in positive curvature.
We would like to remark here that unlike in the definite curvature cases, the warping technique does not seem to work for the semi-definite analogs of Theorem 1.1. In particular, if we have positive holomorphic sectional curvature on the base and semi-positive holomorphic sectional curvature along each fiber, then the following Example 1.2 is a counterexample to the analogous statement of Lemma 3.1 in this case. The warp factor λ in Example 1.2 may be non-constant and is merely assumed to depend smoothly on the base space Y , whereby we show that a clever choice of a non-constant warping factor cannot help to accomplish the goal. For complete details of the computations of the curvatures in Example 1.2, we refer the reader to the first author's thesis [Cha16] , which also contains further counterexamples along these lines. Naturally, it remains an open question if the semi-definite cases can be handled by methods other than warped products. Example 1.2. Let X = D 1 × D 2 be the bi-disk, Y = D 2 , and (z 1 , z 2 ) be the coordinate system in X. The holomorphic map π : X → Y is given by the projection onto the second coordinate, i.e., (z 1 , z 2 ) → z 2 . Clearly, π is of maximal rank everywhere. The Hermitian metric ω Y = 1/ 1 + z 2 z 2 dz 2 ⊗ dz 2 on Y has positive holomorphic sectional curvature everywhere on Y , and the following tensor on X Φ = e 2z2z2 1 + (z 1 z 1 ) 2 e 4z2z2 dz 1 ⊗ dz 1 yields a Hermitian metric of semi-positive holomorphic sectional curvature when restricted to any of the fibers π −1 (z 2 ), z 2 ∈ Y . Clearly, Φ varies smoothly with respect to the base points in Y . Also, Φ + µπ * (ω Y ) is a Hermitian metric on X for any µ > 0. However, for any smooth real-valued positive function λ(z 2 ) on Y , the Hermitian metric
does not have semi-positive holomorphic sectional curvature everywhere on X.
This paper is organized as follows. In Section 2, we will recall basic definitions. In Section 3, we will state and prove two key lemmas. Finally, in Section 4, we will prove Theorem 1.1.
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Basic definitions
Let M be an n-dimensional manifold with local coordinates z 1 , . . . , z n . Let
g ij dz i ⊗ dz j be a Hermitian metric on M . Under the usual abuse of terminology, we will alternatively refer to the associated (1,1)-
The components R ijkl of the curvature tensor R associated with the metric connection are locally given by the formula
Note that the holomorphic sectional curvature of ξ is clearly invariant under multiplication of ξ with a real non-zero scalar, and it thus suffices to consider unit vectors, for which the value of the denominator is 1.
Two lemmas
In this section, we state and prove two lemmas that pave the way to the proof of Theorem 1.1 in the next section.
Lemma 3.1. Let M be an n-dimensional Hermitian manifold, and G be a Hermitian metric on M . Let R ijkl be the components of the curvature tensor with respect to G for i, j, k, l = 1, . . . , n. Suppose the following is true at a point p ∈ M for some positive constants K 0 , K 1 , K 2 , and a natural number s < n:
Then there exists a positive constant K depending only on K 0 /K 1 such that if K 2 /K 1 ≥ K, then G has positive holomorphic sectional curvature at the point p.
Proof. Suppose the Hermitian metric G on M is given locally by
Since we are only interested in the sign of the holomorphic sectional curvature, it suffices to check the numerator of (2) for positive sign at p in the direction of ξ = (ξ 1 , . . . , ξ n ) with respect to the Hermitian metric G. Applying the hypotheses of the lemma, we obtain
for any choice of ξ = (ξ 1 , . . . , ξ n ) ∈ C n . The coefficients 4, 6, 4 in the above expression are obtained from the summation of the indices. For any choice of positive numbers a, b, c, d, we have:
Substituting the inequalities from (4) into (3) and using the trivial inequalities
We may choose a, b, c, d such that 
, which is the numerator of the holomorphic sectional curvature in the direction of a tangent vector (ξ 1 , . . . , ξ n ) as given in (2). Since the denominator of (2) is always positive, we conclude that the holomorphic sectional curvature at p with respect to G is positive in the direction of (ξ 1 , . . . , ξ n ), if the above condition is satisfied i.e., K ≤ K 2 /K 1 .
Lemma 3.2. Let M be an n-dimensional complex manifold with two Hermitian metrics G and H defined on it. Suppose that the metric H has positive holomorphic sectional curvature at a point p ∈ M . Then G + λH also has positive holomorphic sectional curvature at p for λ large enough.
Proof. For the given point p ∈ M and a unit tangent vector t at p, we choose local coordinates (z 1 , . . . , z n ) at p which satisfy the conditions in [Wu73, Lemma 3] with respect to H, i.e.,
Consider the 1-dimensional complex submanifold M ′ = {z 1 = . . . = z n−1 = 0}, which is tangent to t. Using [Wu73, Lemma 4], the Gaussian curvature of M ′ at p with respect to the induced metric H ′ = H| M ′ = h nn dz n ⊗ dz n equals the holomorphic sectional curvature at p with respect to H in the direction of t, denoted by K(H, t)(p).
The holomorphic sectional curvature at p with respect to
where K(G ′ )(p) and K(H ′ )(p) are the holomorphic sectional curvatures at p with respect to G ′ and H ′ , respectively. The choice of M ′ was such that K(H ′ )(p) = K(H, t)(p). Moreover, the decreasing property of holomorphic sectional curvature on submanifolds implies that
, where K(G + λH, t)(p) denotes the holomorphic sectional curvature at p with respect to G + λH in the direction of t. Therefore, (5) implies that
If λ is large enough, then the sign of the expression on the right hand side is determined by the sign of K(H, t)(p), which is positive by assumption. Hence, the holomorphic sectional curvature at p with respect to G + λH is positive in the direction of t for a sufficiently large value of λ, say λ t , i.e.,
It is clear from (6) that for any λ > λ t , K(G + λH, t)(p) is still positive. Finally, we seek a λ which works for all tangent vectors at p. Any tangent vector at p is a scalar multiple of some unit tangent vector at p (with respect to H). Therefore, it is enough to consider λ t for t ∈ S 1 T p M = {t ∈ T p M : H(t, t) = 1}. Since S 1 T p M is compact, we conclude that there exists a λ which works for all t, i.e., K(G + λH, t)(p) is positive for any choice of tangent vector t at p. Thus, the holomorphic sectional curvature at p with respect to G + λH is positive in all the directions.
Remark 3.3. The right hand side of the inequality (6) is O(λ −1 ). Thus, if we write R ijkl for the coefficients of the curvature tensor of the metric G + λH, the formula (2) of holomorphic sectional curvature implies that
which further implies that
Proof of Theorem 1.1
Suppose {G t } is a smooth family of Hermitian metrics with positive holomorphic sectional curvature on each fiber, and ϕ t is the Hermitian form associated to the metric G t . Fix a Hermitian metric G on X. For two vector fields Z 1 and Z 2 on X of type (1, 0) and (0, 1), respectively, we define a (1,1)-form Φ at a point p ∈ π −1 (t) as follows:
where proj G is the projection onto the fiber direction with respect to the metric G. Then clearly Φ is a C ∞ , Hermitian (1,1)-form defined on X, and Φ restricted to each fiber is equal to ϕ t , which is positive definite.
Suppose ω Y is the associated (1,1)-form of the Hermitian metric on Y with positive holomorphic sectional curvature. Then for a sufficiently large value of µ, Φ + µπ * (ω Y ) is a positive definite Hermitian (1,1)-form defined on X. We fix one such µ 0 , and consider the Hermitian metric on X with the associated (1,1)-form given by Φ = Φ + µ 0 π * (ω Y ). As mentioned in the definition of a Hermitian metric in Section 2, we shall refer to the associated (1,1)-form of a Hermitian metric as the Hermitian metric itself. We want to show that the Hermitian metric on X defined by Ψ λ = Φ + λπ * (ω Y ) has positive holomorphic sectional curvature on X if λ is chosen large enough.
Let p be a point in X which lies in some fiber X 0 . Since π is of maximal rank everywhere, locally there is a neighborhood U of p such that U = W × V , where V is a neighborhood of π(p) in Y , and W is a neighborhood of p in the fiber X 0 . We may assume V and W are coordinate neighborhoods with local coordinates (z s+1 , . . . , z n ) in V and (z 1 , . . . , z s ) in W . Then, (z 1 , . . . , z n ) is a coordinate system around p in U . For computational purpose, we will choose (z s+1 , . . . , z n ) such that ∂ ∂zs+1 , . . . , ∂ ∂zn are orthonormal at π(p) with respect to the metric ω Y . Let
and
Then the Hermitian metric Ψ λ , after replacing w.l.o.g. λ + µ 0 with λ for large λ, is given by
Let A be the s × s matrix with coefficients g ab (p) for 1 ≤ a, b ≤ s, and A ab be the (a, b) th cofactor of the matrix A. Then, using the following formula to compute the determinant of a block matrix:
we obtain the following expressions for the coefficients of the inverse matrix, with the assumption that 1 ≤ a, b ≤ s, and s + 1 ≤ χ, η ≤ n,
Now, we check the conditions of Lemma 3.1:
(i) For 1 ≤ i, j, k, l ≤ s, the formula (1) implies that the components of the curvature tensor are given by
The dependence of the coefficients of the inverse matrix on λ, as given in (8), reduces the above expression to
We note that lim λ→∞ h ab (p) = det A ab det A and therefore
The expression (10) 2
is the numerator of the holomorphic sectional curvature of ϕ t on the fiber π −1 (t) which, by assumption, is positive if the vector (ξ 1 , . . . , ξ s ) = 0. Comparing (9) and (10), we conclude that for a sufficiently large choice of λ, the expression
is positive if the vector (ξ 1 , . . . , ξ s ) = 0. This proves that the first condition of Lemma 3.1 is satisfied for λ sufficiently large. (ii) If min(i, j, k, l) ≤ s, then the dependence of the coefficients of the inverse matrix on λ, as described in (8), and the fact that g αβ 's are functions of z s+1 , . . . , z n only, imply that the formula (1) gives |R ijkl (p)| ≤ O(1) when min(i, j, k, l) ≤ s. Therefore, the second condition of Lemma 3.1 is also satisfied when λ is large enough. (iii) s+1 ≤ i, j, k, l ≤ n: In this case, we consider the submanifold M ′ around p defined by {z 1 = . . . = z s = 0}. Let G ′ be the induced metric of Φ on M ′ , and G ′ be the induced metric of π * (ω Y ) on M ′ so that (replacing λ + µ 0 by λ again)
is the induced metric of Ψ λ on M ′ . Clearly, G ′ has positive holomorphic sectional curvature at p ∈ M ′ . Lemma 3.2 implies that G ′ + λ G ′ also has positive holomorphic sectional curvature at p for a sufficiently large choice of λ. Therefore, the numerator of (2) is positive with respect to
αβγδ denote the components of the curvature tensor (for α, β, γ, δ = s + 1, . . . , n) with respect to the induced metric
The decreasing property of holomorphic sectional curvature on submanifolds implies that The expression on the right hand side of the above inequality is positive for λ sufficiently large and for (ξ s+1 , . . . , ξ n ) = 0. Therefore, the expression on the left hand side is also positive. This proves the third and last condition of Lemma 3.1 for λ sufficiently large.
According to (7) in Remark 3.3, the right hand side of the inequality (11), and consequently the left hand side of the inequality, in fact satisfy a stronger positivity statement in terms of λ, namely n α,β,γ,δ=s+1
Therefore, the inequality K 2 /K 1 ≥ K in the statement of Lemma 3.1 is satisfied for λ large enough, and hence, the lemma implies that Ψ λ has positive holomorphic sectional curvature at p for λ sufficiently large.
Let U p,λ be a neighborhood of p in which the holomorphic sectional curvature with respect to Ψ λ is positive everywhere, i.e., the holomorphic sectional curvature at every point q ∈ U p,λ is positive in all the directions. Then, [Wu73, Lemma 4] implies that the holomorphic sectional curvature at q in a direction t ∈ T q X (with respect to Ψ λ ) is equal to the Gaussian curvature at q with respect to the induced metric of Ψ λ on a 1-dimensional submanifold tangent to t. Dependence of the Gaussian curvature on λ as in (6) implies that if K(Ψ λ , t)(q) > 0, then K(Ψ λ ′ , t)(q) > 0 for any λ ′ > λ.
Consequently, using the compactness property of X, we conclude that there exists a sufficiently large value of λ such that the holomorphic sectional curvature of X with respect to Ψ λ is positive everywhere.
